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pZn = 0 holding in a finite interval inside [r\, T2]. It follows that no
finite singular arcs exist for the optimal throttle setting in [r\, TZ].

One special case of the engine model (9) is a nonlinear first-order
lag

) (32)

where the time-constant 1 /a depends on the current engine power
level specified by 77. The engine model for an F-16 aircraft in Ref. 3,
for instance, has this feature. Also, a linear nth-order model

(33)

is certainly another special case of Eq. (9), where the at coef-
ficients are positive constants such that the polynomial p(s) =
s" + an _ isn ~l + - • + a() is Hurwitz. [It may be further neces-
sary that p(s) — 0 have only negative real roots for Eq. (33) to be a
reasonable model, since by definition 0 < r\ < 1, and no overshoot
in ?7 from Eq. (33) should exist for ^com = 1.0 or r/com — 0.]

When the weighting 0 is set to zero in the performance index (15),
i.e., the reduction of time-of-flight is not a part of the optimization
objective, Eq. (28) can be satisfied when L(h, X) = h - F(X) = 0.
In other words, singular optimal rjcom can occur only when </> = 0
and the terrain is perfectly followed. A similar conclusion is ob-
tained and a numerical example is given in Ref. 1 for no engine
dynamics.

The conclusion in Proposition 1 can be further generalized to
include the case where the engine dynamic characteristics are also
dependent on Mach number and altitude. Suppose that the engine
dynamics are modeled by

', V, h) }, V, (34)

Then we have the following result.
Proposition 2. Assume all of the conditions stated in Propo-

sition 1, except that now the engine model is also dependent
on Mach number and altitude as defined by Eq. (34), and
b(r), . . . , r](n~ 1}, V, h) ± 0 along the optimal trajectory. Then, the
optimal throttle setting ^*om(r) must be of bang-bang type in any
finite interval in [0, rf] where the optimal a*(r) is interior.

Proof. In this case the only change in the optimality conditions
used in the proof of Proposition 1 is in the pv equation,

dH
Pv = ~~ = -

-Pvlz cosa-
dV

cosy"! ^
" ~ -

, V,h) db(z, V,h)
dV ^com J (35)

where z is the same as defined before. But upon assuming a singular
arc for ^*om, then pzn = 0 and the last term in Eq. (35) drops out.
Thus, Eqs. (18) and (35) are identical in this interval. The rest of
the proof based on contradiction then follows exactly the proof of
Proposition 1.

When the aircraft is in high angle-of- attack flight, the engine
characteristics may also be dependent on a. Following a similar
proof, we have the following.

Proposition 3 Now assume that Tmax is a C1 function of Mach
number, represented by V, altitude h, and angle of attack a, and the
engine dynamics are also a dependent,

The main difference in the proof in this case is that the optimality
condition dH/da = 0 will have an extra term involving 3 ATmsai/da
in each of the parentheses following pv and pY as compared to
Eq. (22), and two extra terms involving pznda/da and pZndb/da.
But these terms either become zero because of condition (24), or
cancel each other when setting the determinant of the algebraic
system in pv and py to zero. Eventually, a condition exactly the
same as Eq. (29) is arrived at that again eliminates the possibility
of singular throttle control. The detailed proof is omitted because
of space limitations.

As a concluding remark, it should be stressed that although the
preceding analysis reveals that bang-bang throttle control is a gen-
eral property of the optimal terrain-following problem, which re-
quires little specifics on the engine model, the number of throttle
setting switchings is expected to depend strongly on the particular
engine model assumed.

IV. Conclusions
This Note shows that for a class of nonlinear engine dynamic

models of arbitrary order that can also be Mach, altitude, and angle-
of-attack dependent, the optimal throttle setting for aircraft terrain-
following flight in most cases is of bang-bang type whenever the
optimal angle of attack is interior. The only case where a singular
throttle control may appear is when the time-of-flight is not included
in the performance index and the terrain is followed exactly. The
same behavior of the optimal throttle setting is obtained in Ref. 1
where no engine dynamics are included. This result suggests that
the usual practice of ignoring engine dynamics in aircraft trajectory
optimization work does not lead to incorrect conclusions. Because
of the space limitation, the effects of engine dynamics on optimal
aircraft terrain-following performance are not explored numerically
in this Note, but will be investigated in our future studies.
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Introduction

IN Ref. 1, indirect solutions based on Pontryagin's minimum
principle2 were obtained for the problem of maximizing the

downrange of a high-performance atmospheric flight vehicle oper-
ating in the vertical plane. The present Note is based on an identical
aircraft model and extends the results obtained in Ref. 1.

Control variables are the load factor that appears nonlinearly in
the equations of motion and the throttle setting that appears only
linearly. Both controls are subject to fixed bounds. Additionally, a
dynamic pressure limit is imposed, which represents a first-order
state-inequality constraint.2

(36)

If all of the conditions in Proposition 1 hold and b(n, . . . , 77("~1},
V, h, ct) ^ 0 along the optimal trajectory, then the optimal throttle
setting 7?*om(r) must be of bang-bang type in any finite interval in
[0, Tf] where the optimal a*(r) is interior.
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In Ref. 1, the flight time was kept fixed at 60 s, and the effect of
the prescribed load factor limit on the optimal switching structure
was investigated. For prescribed flight times greater than 62 s, the
optimal solution could not be found. The present Note fills this gap,
and the optimal solution is presented for prescribed flight times
between 70 and 120 s. All trajectories obtained here and in Ref. 1
involve singular control2 along arcs with active dynamic pressure
limit.

Aircraft Model
Because of nonconvexities in the hodograph associated with the

original aircraft model it is necessary to convexize the equations
of motion3 before certain singular control cases can be analyzed.
For details the reader is referred to Ref. 1. Because of some typo-
graphical errors in Ref. 1 (the author is indebted to Anil V. Rao
for identifying these errors) the convexized model is completely
restated here. The equations of motion are

E = (8(T -D + Z)max) - DmaJ(v/mg) (1)

h — v sin y (2)

y = (g/u)[(L/mg)-cosy] (3)

x = v cos y (4)

The specific energy E replacing velocity v, the altitude h, the flight-
path angle y, and the range x are the state variables. Load factor n
and the power setting 8 are the control variables. The mass m (in
kilograms) of the vehicle and the gravitational acceleration g (in
meters per second squared) are assumed to be constant, namely,

m = 37,000/2.2, g = 9.80665

Velocity v is a short notation for i; — ̂ /[2g(E — h)]. The air density
p in kilograms per cubic meter is given by

p(h) = l.225ey

with

y = -0.12122693 £ + r - 1.0228055, r = 1.0228055 e~z

z = -3.48643241 W~2h + 3.50991865 W~3h2

- 8.33000535 10~5P + 1.15219733 lO'6/*4

Here and in the following, h and h denote altitude in meters and
kilometers, respectively. The temperature 9 in Kelvin and the speed
of sound a in meters per second are given by

6(h) = 292.1 - 8.87743 h + 0.193315 h2 + 3.72 10"3/z3

a(h) = 20.0468V?

The Mach number is given by M = v/a(h), and the cross-section
area S in square meters has the value S = 60. The lift L, the drag
D, the maximum drag Z)max, and the maximum thrust T in newtons
are given as functions of h, M, and n, respectively, namely,

q = {p(h)v2S, L = mgn

D = q[Cm(M) + K(M) (m2 g2 / q2)n2], Dmax =

with

9.80665
2.2

i = 0 , 1 , . . . , 5

The numerical values of the constants a/, bf, c,-, d{, and ftj can be
found in Table 1 and represent a high-performance fighter intercep-
tor. The factor 9.80665/2.2 in the thrust equation stems from the
conversion from pounds force to newtons.

Problem Formulation
Loosely speaking, the problem considered in this Note can be

stated as follows: find the control functions of time 8(t) and n(t)
such that the downrange x is maximized subject to certain boundary
conditions, control constraints, and state constraints. Explicitly, in
Mayer form the problem is given by

min —x(tf)

subject to the state equations (1-4), the control constraints

. _i '* _i ^"max* 0 < < 5 < 1

the state constraint

x(/0 < 0

(5)

(6)

(7)

where vmsai(h) is chosen such that Eq. (7) represents a dynamic
pressure limit, and the boundary conditions where specific energy,
altitudes, and range are in meters and flight-path angle is in radians:

(8a)

(8b)

(8c)

(8d)

(8e)

(8f)

(8g)

In Ref. 1 it was observed that a change in the optimal switching
structure occurs if the prescribed flight time is increased to values
>63 s. For these flight times the correct switching structure could not
be found. The present Note fills this gap by presenting the optimal
solution (in second) for long fight times, e.g.,

E(0) = 38029.207

h(0) = 12119.324

y(0) = 0

jc(0) = 0

= 9000

h(tf) = 942.292

tf = 120

The value of the load factor limit is kept at nmax = 10.

(9)

Optimal Switching Structure
With nmax = 10, and with a prescribed flight time tf greater

than 62.053 s, the optimal solution consists of six arcs. (Trajecto-
ries with a prescribed flight time greater than 120 s have not been
attempted.) The controls n and 8 and the multiplier JJL associated
with the dynamic pressure limit (7) are as follows.

Arc 1: the dynamic pressure limit (7) is not active; the throt-
tle 8 is riding its upper bound; the load factor is determined from

8=1,
2v2mgK'

Arc 2: the dynamic pressure limit (7) is active; the load factor n is
as large as possible; the throttle 8 is determined implicitly through
Eq. (7). Here and along arc 3, the upper bound on the absolute value
of the load factor is implicitly determined through the condition
that the throttle required to stay on the constraint (7) must be less or
equal 1,

mg
T - (vmg/g) sin y [v'mn + (q/v)] - qCm

qK

8 = 1, n 2 K vmg
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Table 1 Coefficients for thrust and drag model

at
bi
c\
di
//()
.//I
./i'2

fa
fi4

fiS

i = 0

+2.61059846050 10~2
+ 1.3736865124610°
+ 1.2300173561210°
+ 1. 42392902737 10+1
+0.1 1969995703 106
-0.35217318620 106
+0.60452159152 106
-0.43042985701 106
+0.13656937908 106
-0. 16647992124 105

i = 1
-8.57043966269 10~2
-4.5711628675210°
-2.97244144190 10°
-3.24759126471 10+1
-0.14644656421 105
+0.5180881 1078 105
-0.955971 12936 105
+0.83271826575 105
-0.32867923740 105
+0.49102536402 104

i =2

+1.078631 15049 10-1
+5.7278987734410°
+2.78009092756 10°
+2.96838743792 10+1
-0.45534597613 103
+0.23143969006 104
-0.38860323817 104
+0.12357128390 104
+0.55572727442 103
-0.23591380327 103

i =3

-6.44772018636 10~2
-3.25219000620 10°
-1.16227834301 10°
-1.33316812491 10+1
+0.49544694509 103
-0.22482310455 104
+0.39771922607 104
-0.30734191752 104
+0. 10635494768 104
-0. 13626703723 103

i =4

+ 1. 64933626507 1Q-2
+7.29821847445 1Q-1
+ 1.81 868987624 10-1
+2.87165882405 10°
-0.46253181596 102
+0.20894683419 103
-0.36835984294 103
+0.29388870979 103
-0. 10784916936 103
+0. 14880019422 102

i =5
——
——
——

-2.27239723756 KT1
+0. 12000480258 101
-0.53807416658 101
+0.94529288471 101
-0.76204728620 101
+0.28552696781 101
-0.40379767869 10°

Table 2 Lengths of subarcs in seconds for trajectories with
prescribed flight times between 62.053 and 120 s

*f
62.053
70
95
120

Afi

28.719
36.077
60.166
85.071

Af2

0.559
0.849
1.669
1.763

Af3

0
0.443
0.575
0.576

Af4

29.370
29.239
29.215
29.218

Ar5

2.307
2.294
2.276
2.274

Afo

1.098
1.098
1.098
1.098

Arc 3: the dynamic pressure limit (7) is active; the load factor n
is as small (in the sense of as large negative) as possible; the throttle
8 is determined implicitly through Eq. (7),

mg
' - (vmg/g) siny[v'mn + (q/v)] - qCm

qK

.. XY q , v

n 2Kvmg g

Arc 4: the dynamic pressure limit (7) is active; the load factor n
is singular; the throttle 8 is determined implicitly through Eq. (7),

8 =

cosy

+ (vmg/g) smy[v'mn + (g/v)]
* Ulnas above i ^max

li = -XE(v/g)

This control logic represents a first-order singular control case. At
the beginning of this arc the following two additional conditions
have to be satisfied:

--Many + XE = 0

Arc 5: the dynamic pressure limit (7) is active; the load factor n
is riding its upper bound nmax; the throttle 8 is determined implicitly
through Eq. (7),

Anax + (vmg/g) sin y[v'max + (g/v)]
i ^Inas above ~r ^max

fl = -

8 =

Arc 6: the dynamic pressure limit (7) is not active; the load factor
n is riding its upper bound nmaxJ the throttle 8 is riding its lower
bound, 0,

It is interesting to note that this switching structure becomes identical
to the one obtained in Ref. 1 if arc 3 is deleted.

c

i » • • » i i ' » < i i i i i i

delta

n/10

40 60 80 100

time [seconds]
120

Fig. 1 Time histories of controls and 6 and w/10 for tf = 120 s.

Numerical Results
Figure 1 shows the time histories of throttle 8 and load factor

n for a prescribed flight time of 120 s. In Table 2, the lengths of
individual subarcs are listed for solutions obtained with various
prescribed flight times. Note that arc 3 vanishes as tf approaches
62.053 s. In the limiting case, the switching structure found here
reduces to the one found in Ref. 1.

Summary
Long flight-time, range-optimal trajectories are synthesized for a

high-performance atmospheric flight vehicle operating in the verti-
cal plane. The trajectories are subject to a dynamic pressure limit
and a load factor limit. In the context of optimal control these repre-
sent a first-order state inequality constraint and a control constraint,
respectively. Numerical solutions generated for flight times between
62.053 and 120 s consist of six arcs, along four of which the dynamic
pressure limit is active. Singular control along the active state con-
straint represents a significant part of the trajectory. For shorter flight
times the optimal solution was presented in an earlier paper.
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